ABSTRACT For a five-phase motor with non-sinusoidal windings arrangement, the electromagnetic torque can be enhanced by injecting third harmonic current. This paper studies the driving system and the fundamental and third harmonic spaces of the five-phase motor with non-sinusoidal windings, proposing a four-dimensional space vector PWM strategy based on modulation function method. According to the relationship of duty circle and modulation function of the periodic midpoint, for a symmetric regular sampling method, the phase modulation function can be obtained. It greatly simplifies the computational complexity and the occupied storage space. To deal with saturation, it only needs to limit the duty cycle or the amplitude of modulation function, which eliminates the complex division operation. To verify the correctness of the proposed method, the simulation and experiment are conducted on MATLAB/Simulink and hardware-in-the-loop simulation platform of RT-LAB/dSPACE, respectively. Finally, the phase current of the motor is analyzed with Fast Fourier Transform (FFT), showing the third harmonic content is basically the same as the set value.
I. INTRODUCTION
The rapid development of power electronic devices and modern control theory makes the study and application of fivephase permanent magnet synchronous motor (FP-PMSM) as well as its driving technology attract more and more attention [1] . For a PMSM, it owns merits of high efficiency, high power density and compact structure. Besides, for a FP-PMSM, it can increase the electromagnetic torque and decrease torque ripples compared with three-phase counterpart. Meanwhile, due to the redundant degree of control freedom, the FP-PMSM can continue to operate steadily through remedying appropriate fault-tolerant control strategy in case of phase-absence fault [2] - [4] . Therefore, FP-PMSM has been more and more applied in situations requiring high DC bus voltage utilization, reliability and power output [5] .
The driving system of FP-PMSM usually uses voltage source inverter (VSI). The corresponding pulse-width modulating (PWM) method mainly contains carrier-based
The associate editor coordinating the review of this manuscript and approving it for publication was Ton Do. PWM (CPWM) and space vector PWM (SVPWM). In comparison, SVPWM has the advantages of smaller harmonic component in output current, lower torque ripple, higher voltage utilization, intuitive calculation process and easy digital control. So, it has been widely used in modern digital alternating current (AC) speed regulating motor control [6] - [10] . The calculation process of SVPWM algorithm includes sector judgment, basic vectors selection, operation time calculation and determination of operation sequence and switching time. Sometimes, saturation processing also needs to be considered. However, there are as many as 32 basic voltage vectors in five-phase inverter. Therefore, for five-phase SVPWM, the calculation amount and complexity are considerable, and the requirement for real-time performance of the controller is quite high. Besides, for FP-PMSM with non-sinusoidal windings, the third harmonic component will play a role in energy conversion process, where recent literatures are studying optimum third harmonic current injection ratio in order to improve torque density [11] - [18] .
Therefore, this paper proposes a four-dimensional fivephase SVPWM strategy taking both fundamental and third harmonic space vectors into account. In order to realize a good real-time performance, based on the rule for symmetric regular sampling of sinusoidal PWM modulation, the modulation function of five phases (ABCDE) is calculated according to duty cycle of each phase, which avoids the complex trigonometric function operations and greatly simplifies the calculation process. First, the sector judgement and duty circle calculation of four-dimensional SVPWM are given. Then, deducing the five phases modulation function. Finally, simulation and experiment results prove the validity of proposed strategy.
II. THEORIES OF CONVENSIONAL CARRIER-BASED PWM AND SVPWM
For VSI with conventional carrier-based PWM modulation, it produces a series of PWM waves with different width by comparing the modulated wave with the carrier wave, thus realizing the ideal square wave voltage output [19] . The common sampling methods are natural sampling method and symmetrical regular sampling method [20] . The natural sampling method determines the pulse width according to the intersection point of carrier and modulated wave, but this method is less used due to it involves a large number of iterations and calculations of trigonometric function. In contrast, the symmetrical regular sampling method determines the pulse width by drawing a horizontal line from the intersection point of modulated wave and periodic midpoint of carrier wave, then finding the intersection point of this line and carrier wave. It greatly simplifies the calculation and storage space, so the use is wider. But the shortcoming for conventional carrier-based PWM modulation is that the voltage utilization rate is not high, the maximum linear modulation ratio is 1, and the low-order harmonic components are more.
In comparison, SVPWM can compensate above shortcomings. For SVPWM, different basic space vectors correspond to different switching states of inverters, which can be projected into static coordinate system (α − β). For a given reference voltage vector, it can also be decomposed into α − β coordinate system. According to VoltSecond (V-S) balance principle, its voltage equations can be written out so as to obtain the operation time for each basic space vectors. After that, determine the operation sequence for those selected basic space vectors and finally realize the reference voltage modulation. The existing research on five-phase SVPWM modulation strategy mainly classifies into following two algorithms, which are Near Two Vectors SVPWM (NTV-SVPWM) and Near Four Vectors SVPWM (NFV-SVPWM). The maximum modulation ratio for NTV-SVPWM is 1.231, and for NFV-SVPWM is 1.051, among which NFV modulation algorithm is more popular because of the third harmonic inhibition effect.
Topology of five-phase VSI is shown in Figure 1 These basic voltage space vectors equally divide 360 electric space degrees into ten sectors, each of which are 36 electric degrees. The fundamental and 10k ± 1 (k = 1, 2, 3 . . .) harmonics will be projected into fundamental subspace α 1 − β 1 . 5k ± 2 (k = 1, 2, 3 . . .) harmonics will be projected into the third harmonic subspace α 3 − β 3 . 10k ± 5 (k = 1, 2, 3 . . .) harmonics will be projected into zero-order subspace, and for five-phase motors with symmetrical Y-connection windings, these harmonics will be projected to coordinate origin. Therefore, the basic voltage vector expressions of fundamental and third subspaces are written as: 
Therefore, the amplitudes of basic voltage vectors can be calculated. According to (1) , where 30 non-zero voltage vectors are classified into three groups, which are the maximum vector V max (0.6472U dc ), the middle vector V mid (0.4U dc ) and the minimum vector V min (0.2472U dc ). In other words, these three kinds of vectors satisfy that V max : V mid : V min = 1.6182 : 1.618 : 1. The distribution maps of basic voltage vectors in α 1 −β 1 and α 3 −β 3 spaces are depicted as Figure 2 , from which it can be observed that the maximum and minimum vectors in fundamental space respectively correspond to minimum and maximum ones in the third harmonic space, while the middle vectors are same in two spaces.
NFV-SVPWM employs maximum and middle basic vectors in fundamental space [21] . And the existing modulation for five phases usually conducts based on the zero synthetic vector in third harmonic space, which only suits for five-phase motor with sinusoidal windings. Whereas, for five-phase motor with non-sinusoidal windings whose torque output is depicted as expression (2), indicating that the third harmonics can be well exploited to enhance the torque density.
Therefore, it is of great necessary to study a new fivephase SVPWM method considering the control of both fundamental and third harmonics. Figure 4 exhibits the block diagrams of conventional five-phase SVPWM and a new four-dimensional five-phase SVPWM presented in this paper, where both of them conduct the modulation by using the maximum and middle basic vectors. But for conventional five-phase SVPWM, only fundamental components are considered to realize the modulation whereas the third harmonics are restrained to zero. However, for the proposed fourdimensional five-phase SVPWM strategy, instead of restraining the third harmonics, quantitative modulation of them is realized. 
III. FOUR-DIMENSIONAL SVPWM FOR FIVE-PHASE INVERTER
This section introduces the concrete implementation process of the proposed four-dimensional SVPWM. There are total four steps including the sector judgement, the operation time, the operation sequence and the calculation of modulation function.
A. SECTOR JUDGEMENT
The first step for SVPWM is to judge the sector of reference voltage. In order to identify the ten sectors of five-phase inverter, five basic variables are introduced in fundamental space, which satisfy the following equations:
Meanwhile, other five basic variables are introduced in third harmonic space for the sake of four-dimensional SVPWM: 
B. OPERATON TIME FOR BASIC VECTORS
When the fundamental reference voltage is in the kth sector, the neighboring four maximum and middle basic vectors will be selected to synthesize reference voltage. Define V min1 , V mid1 and V max1 represent the minimum, middle and maximum basic vector of lagging ones, and V min2 , V mid2 and V max2 represent the same of leading ones. The operation time of V mid1 and V max2 are T 1 and T 2 , V max1 and V mid2 are T 3 and T 4 . T s is the switching period (sampling time). According to the V-S balance theory and parallelogram method, we can get:
As mentioned before that the maximum basic vector in α 1 -β 1 subspace corresponds to the minimum one in α 3 -β 3 subspace. Therefore, a certain proportion of third harmonic injection can be achieved by reasonably allocating the operation time of each basic vector. The T 1 , T 2 , T 3 and T 4 are calculated as below:
T s ,
where the value of A i in the kth sector, and the same identification for B k i . Let λ = 1/(sin(π/5) × sin(3π/5) × (V max + V min )), then T 1 , T 2 , T 3 and T 4 can be simplified as:
Let the operation time of zero vector as T 0 . When the symmetric modulation method with zero vector average allocation is adopted, T 0 is written as:
Henceforth, the operation times for each basic vector in corresponding sector can be calculated as the same way.
C. OPERATION SEQUENCE FOR BASIC VECTORS
For the sake of reducing switching loss, the minimum switching state change is required for each sampling period. Hence the optimal switching sequence for proposed SVPWM method is depicted in Figure 5 .
D. CALCULATION OF MODULATION FUNCTION
The duty cycle of each phase PWM signal can be deduced from the known operation time and sequence. Thus, according to the relationship between duty cycle and the value of modulation function at the periodic midpoint in the regular sampling method, it is easy to get the modulation function of each phase. Finally, the switching signal of inverter is output by comparing the modulation function with carrier wave.
In order to have a concrete analysis, the first sector is taken as an example to obtain modulation functions in each phase. According to the analysis in section C, when reference voltage vector locates at the first sector, the operation sequence is V 0 , V 16 , V 24 , V 25 , V 29 and V 31 as shown in Figure 6 . Hence, the duty cycle of each phase can be expressed as:
In the regular sampling method, the relationship between duty cycle and the value of modulation function at the periodic midpoint is:
Then plug that into (9), we get the modulation function of ABCDE in the first sector as: 
The phase modulation functions in remaining nine sectors can be obtained with same manners, so it is omitted here. It is noteworthy that the phase modulation functions in sector 6 to 10 have the same values as that in sector 1to 5, therefore only five datasets are needed to store at the look-up table. Meanwhile, the values of x i and y i have been obtained before the sector judgement, that is to say, their values can be found in the sector look-up table, which optimizes the operation time as well as storage space compared with conventional SVPWM methods. Besides, using the modulation function algorithm, the saturation phenomenon does not need to be dealt with by the complex division, only the amplitude limitation on duty cycle or the modulation function are needed, namely:
FIGURE 7. Control model of four-dimensional SVPWM driven FP-PMSM. 
IV. RESULTS ANALYSES
This section will give the simulation and experimental results of proposed five-phase four-dimensional SVPWM to prove the validity of algorithm.
A. SIMULATION RESULTS AND ANALYSES
Build the double-loop field-oriental control model for FP-PMSM in MATLAB/Simulink environment as shown in Figure 7 . The speed is set to be 50rpm, the pole pairs are 16, and the controllers use PI controller. I d = 0 control scheme is adopted here, so the electromagnetic torque is mainly determined by current in q-axis. The output of speed loop is the reference value of I q1 , and the reference value of I q3 is determined by the third harmonic injection rate. The modulation waveform of four-dimensional SVPWM is exhibited in Figure 8 , which is obtained by superposition of sine wave and zero sequence component. Due to the uncertainty of third harmonic injection rate, the modulation waveform is not a standard saddle shape curve.
Firstly, the phase current and torque output curves of FP-PMSM are given in Figure 9 with proposed SVPWM strategy. The third harmonic injection rate sets to 14% here, therefore, the phase current waveform is transformed from standard sinusoidal to flat-topped. The electromagnetic torque output is 15Nm with a small torque ripple (around 0.5Nm). Hence, the obtained results prove that the proposed algorithm can correctly control the injection of third harmonic current and achieve a good torque output performance.
To further demonstrate the accurateness of the proposed four-dimensional SVPWM algorithm, a comparison between four-dimensional SVPWM and conventional carrier-based PWM algorithm is conducted. The proportion of the third harmonic component is analyzed with different optimal third harmonic injection solutions. Figure 10 to 12 shows the phase current harmonic comparison results with two PWM approaches under three different injection rates. The fundamental frequency is around 13.333Hz, and the ratio of third harmonic to fundamental current is obtained by Fast Fourier Transform (FFT).
When the third harmonic is not injected, namely k = 0, the FFT result of phase current is given in Figure 10 , where the third harmonic component is nearly zero with proposed approach while it contains obvious third harmonic component with the conventional carrier-based PWM approach. It indicates that the proposed method is still applicable to modulate five-phase motor with sinusoidal winding, and the third harmonic suppression is more effective than conventional carrier-based PWM.
According to reference [17] , the optimal third harmonic rate is calculated to be 14% under the condition that phase current amplitude don't exceed the original value. After calculation, the amplitude of fundamental current is 3.79A and third harmonic current is 0.53A. The FFT result of phase current is given in Figure 10 when k = 0.14, from which it can be seen that the ratio of third harmonics to fundamental current is around 0.131 with proposed approach, while 0.168 with conventional carrier-based PWM approach, illustrating that the proposed algorithm is more accurate than the conventional carrier-based PWM algorithm in achieving the given third harmonic injection.
According to reference [16] , the optimal third harmonic rate is calculated to be 18.6% under the limitation of invariant RMS of phase current. After calculation, the amplitude of fundamental current is 3.76A and third harmonic current is 0.70A. The FFT result of phase current is given in Figure 11 when k = 0.186, from which it can be seen that the ratio of third harmonics to fundamental current is around 0.174 with proposed approach while 0.208 with conventional carrierbased PWM approach. 
B. EXPERIMENTAL RESULTS AND ANALYSES
Joint simulation platform is constructed by dSAPCE and RT-LAB, as shown in Figure. 13. Five-phase PMSM is designed by RT-LAB, and fault-tolerant control is realized by dSAPCE. They are connected by Input/ Output interface. real-time simulation code is compiled and generated in Simulink environment then downloaded it to dSPACE hardware equipment. Through the hardware interface on dSPACE connects RT-LAB to realize the real-time simulation. Visual management of variables and parameters is achieved by ControlDesk software on PC. The experimental control frequency is set to be 20kHz, the speed of motor is 50rpm and the load torque is 15Nm. For simplicity of description, only one experiment where the third harmonic injection rate k = 0.14 is conducted as an example to validate the algorithm.
The experimental results are exhibited in Figure14. Figure 14(a) is the electromagnetic torque wave, where the torque ripple is around 2Nm. Due to the motor runs under a low speed, the experimental torque ripple is a little bit larger than simulation results. Figure 14(b) is the speed of motor, which is relatively stable. Figure 14 (c) shows fivephase currents. And Figure 14(d) is obtained by zooming in Figure 14 (c) locally. It can be observed that the phase current contains substantial third harmonics, therefore, the current characterizes by flat-topped wave. Figure 15 shows the traces of fundamental and third harmonic current in α-β coordinate system, satisfying forming a round trace. Finally, the FFT analysis result of phase current is as shown in Figure 16 , where the amplitudes of fundamental and third harmonic current is 3.784A and 0.534A, approximately equal to the theoretical values 3.79A and 0.53A. Hence, the validity of proposed four-dimensional SVPWM strategy is proved by experiments. 
V. CONCLUSION
For the five-phase motor with non-sinusoidal windings, third harmonics are inherent and can be well utilized to enhance torque density. Therefore, this paper proposes a fourdimensional SVPWM modulation strategy, which achieves an accurate control of both the fundamental and third harmonics as well as guarantees good real-time performances. The modulation function method based on symmetrical regular sampling PWM greatly simplifies computation and storage space. Firstly, according to NFV-SVPWM, the working reference vectors are determined. Then, the operation time and sequence are analyzed. Finally, based on the calculated operation time, the duty cycle as well as its modulation function can be obtained so as to realize the four-dimensional SVPWM. The simulation and experiment results show that the proposed strategy guarantees an excellent output performance of FP-PMSM and realizes an accurate third harmonic injection.
